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Yang monopole as a zero-dimensional topological defect has been well established in multiple
fields in physics. However, it remains an intriguing question to understand interaction effects on
Yang monopoles. Here, we show that collective motions of many interacting bosons give rise to
exotic topological defects that are distinct from Yang monopoles seen by a single particle. Whereas
interactions may distribute Yang monopoles in the parameter space or glue them to a single giant
one of multiple charges, three-dimensional topological defects also arise from continuous manifolds
of degenerate many-body eigenstates. Their projections in lower dimensions lead to knotted nodal
lines and nodal rings. Our results suggest that ultracold bosonic atoms can be used to create
emergent topological defects and directly measure topological invariants that are not easy to access
in solids.
Yang monopoles play a crucial role in non-abelian
gauge theories and have influential impacts in multiple
subareas of physics [1]. In high energy physics, they
lay the foundation of Yang-Mills theory and standard
model [2–6]. In condensed matter physics, they give rise
to nontrivial topological quantum states characterized by
the second Chern number, C2 [7–9]. In a 5D parameter
space, a Yang monopole represents a zero-dimensional
point defect with a four-fold degeneracy. Away from
a Yang monopole, a spin-3/2 or pseudospin-3/2 could
see such point topological defect from either local non-
abelian Berry curvatures or C2. When a 4D surface en-
closes the Yang monopole, C2 = 1. One could view a
Yang monopole as a magnetic monopole of “charge” 1.
Whereas Yang monopoles remained a theoretical con-
cept for decades, Sugawa, et al., at NIST delivered a
Yang monopole for the first time in laboratories by en-
gineering the couplings among four hyperfine spin states
of ultracold bosonic atoms [10]. Each boson in this ex-
periment represents a pseudospin-3/2. While many ex-
periments have used bosons to probe local abelian Berry
curvatures [11–13], C2 has been extracted in the NIST ex-
periment by integrating the non-abelian Berry curvature
on 4D surfaces. Very recently, C2 has also been measured
in optical lattices and photonic crystals [14, 15].
Though Yang monopoles have been well established
in non-interacting systems, a fundamental question re-
mains. Are topological defects seen by a collection of
many interacting spin-3/2s the same as those seen by
each individual one? In this Letter, we show that interac-
tions allow physicists to access completely different topo-
logical defects arising from collective motions of many
particles. These emergent topological defects signify the
vital importance of interactions on Yang monopoles, and
demonstrate the power of ultracold atoms in creating and
detecting novel topological phenomena that are not easy
to access in solids.
Our main results are summarized as follows. For
odd particle numbers N , repulsive interactions distribute
Yang monopoles on a quantization axis in the parame-
ter space, and attractive interactions glue them to a sin-
gle one of “charge” N2 at the origin. In contrast, for
N = 4n + 2, where n is a non-negative integer, inter-
actions produce multiple 3D topological defects. When
N = 4n, the many-body ground state is unique for repul-
sive interactions, and no topological defect can be seen by
the ground state. The results of attractive interactions
are similar to those for N = 4n + 2. Here, 3D defects
emerge purely from interaction effects in bosons, unlike
those studied in non-interacting electronic systems [16–
20]. We also show how to use ultracold bosons to directly
measure the topological invariants in laboratories.
Our work was motivated by a recent paper by Ho and
Li [21]. Based on a mean field approach, this pioneering
work shows that a Yang monopole may be stretched into
an extended manifold due to interactions. In this mean
field approach, all pseudospin-3/2s are described by the
same condensate wave function. Here, we provide an ex-
act solution for a generic N pseudospin-3/2 system. We
show that the many-body ground state becomes degen-
erate in certain locations in the parameter space. These
degenerate many-body eigenstates give rise to novel topo-
logical defects beyond mean field predictions.
Hamiltonian. The single-particle Hamiltonian that de-
scribes a Yang monopole reads [20, 21]
Kˆ = −Rzτz ⊗ nˆ · ~σ −Rxτx −Ryτy, (1)
where ~σ and ~τ are two spin-1/2 operators, and nˆ is a unit
vector. A single-mode approximation has been taken for
the orbital part of the wavefunction, i.e., bosons share
the same spatial wavefunction. Eq.(1) defined in a 5D
parameter space, R = (Rx, Ry, Rznx, Rzny, Rznz), de-
scribes a spin-3/2 particle. In the NIST experiment, the
first (second) two parameters are determined by the in-
tensities and phases of radio-frequency (micro-wave) cou-
pling and the last one, Rznz, is adjusted by the detun-
ing [10]. For convenience of later discussions, We rewrite
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FIG. 1. Yang monopoles for odd N . Blue (red) spheres show
the positively (negatively) charged monopoles with charges
denoted. (a-c), g > 0, N = 1, 3, 5. (d) g < 0, N = 3.
Insets illustrate effective Hamiltonians near the origin. Or-
ange solid lines (black dots) represent single particle states
(bosons). Dotted arrows show effective couplings. (e-f) C2 as
a function of the radius |k| of the 5D sphere for three particles.
Solid and dashed lines (squares and circles) are analytical (nu-
merical) results.
this Hamiltonian,
Kˆ =
4∑
i=1
iaˆ
†
i aˆi +
4∑
j=2
j−1∑
i=1
(tij aˆ
†
i aˆj + h.c.), (2)
which describes four lattice sites coupled by certain inter-
site tunnelings tij , as shown in Fig. 1(a). aˆ
†
i (aˆi) is the
creation (annihilation) operator at site i. i is the onsite
energy, −1 = 2 = 3 = −4 = Rznz, t13 = t24 = −Rx +
iRy, t12 = −t34 = −Rznx + iRzny, and t14 = t23 = 0.
The 5D parameter space is now spanned by the com-
plex tunnelings t12 and t13, and Rznz that determines
the onsite energies. As this pseudospin-3/2 Hamiltonian
respects time reversal symmetry, every eigenstate is dou-
bly degenerate, consistent with Kramers theorem. For
many-body systems, we consider the Hamiltonian,
Hˆ = Kˆ + Uˆ , Uˆ = g
4∑
i=1
(aˆ†iai)
2 = g
4∑
i=1
n2i (3)
where g is the onsite interaction strength. ni represents
the occupation in the ith lattice site and
∑4
i=1 ni = N
is satisfied. Because Uˆ respects the time reversal sym-
metry, for odd N , the Kramers theorem still applies.
Though inter-spin interactions exist in the NIST exper-
iment, here, we concretize the discussions on intra-spin
interactions, which corresponds to onsite interactions in
Eq.(3), to reveal fundamental interaction effects on Yang
monopoles. A Yang monopole may also be realized al-
ternatively using coupled four lattice sites described by
Eq.(2) [22]. It is then natural to consider Hˆ in Eq. (3)
as onsite interactions dominate.
We solve Hˆ exactly and obtain the many-body eigen-
states |Ψm〉 for N bosons. |Ψm〉 is expanded using
Fock states, |Ψm〉 =
∑
{ni} αm{ni}|n1, n2, n3, n4〉. When
nodal points are observed, we compute C2 [5, 6, 22],
C2 =
1
32pi2
∫
S4
dRµνρλ(Tr[FµνFρλ]− Tr[Fµν ]Tr[Fρλ]),
(4)
where Fµν = ∂µAν − ∂νAµ + i[Aµ, Aν ], Amnν =
−i〈Ψm|∂µ|Ψn〉. Matrix Fµν and Aµ are nonabelian
Berry curvature and nonabelian Berry connection for the
ground state manifold, respectively. S4 is a closed 4D
surface in the parameter space and µνρλ is Levi-Civita
symbol. When nodal lines or rings are observed, corre-
sponding topological invariants are computed.
Away from the origin of the parameter space, the
single-particle ground state becomes two-fold degener-
ate. Thus, for N non-interacting bosons, there are N + 1
degenerate ground states and C2 reads N(N + 1)(N +
2)/6 [22]. Turning on interactions, results become com-
pletely different.
N Yang monopoles. When g > 0, there are N points
on the R5 axis, where the many-body ground state be-
comes four-fold degenerate. At the origin, Kˆ = 0, there
are four ways to distribute N ∈ odd bosons in four equiv-
alent lattice sites to minimize the interaction energy, as
shown in Fig. 1(b-c). Away from the origin, four-fold de-
generate points also exist on the R5 axis. All tunnelings
in Eq. (2) vanish on this axis, as Ri 6=5 = 0. Many-body
eigenstates are simply Fock states. The mismatch of on-
site energies 1 − 2 = 4 − 3 could exactly compensate
the penalty of interaction energy for moving one boson
from one lattice site to another. For example, for N = 3
and R5 = g, states |1, 1, 0, 1〉 , |1, 0, 1, 1〉 , |2, 0, 0, 1〉 , and
|1, 0, 0, 2〉 become degenerate. For any N , the separation
between two nearest points is given by ∆R5 = g.
Away from these four-fold degenerate points, the four
Fock states are no longer degenerate, and tunnelings be-
come finite. In the vicinity of each degenerate point, we
construct an effective model using the four nearly de-
generate states as the basis. Such effective model has
exactly the same formula as the single-particle Hamilto-
nian in Eq. (2) except that i and tij are modified. We
show, e.g., the effective Hamiltonian near the origin, in
3which the parameters read
˜i = (−1)
N−1
2 i, t˜ij =
{
tij(N + 3)/4 for N =1, 5, . . .
t∗ij(N + 1)/4 for N =3, 7, . . .
(5)
Thus, we conclude that each four-fold degenerate point
corresponds to a Yang monopole. A subtle difference be-
tween N = 1, 5, ... and N = 3, 7, ... exists. As shown
in Fig. 1(b-c), it is a particle and a hole that tunnels
in the effective Hamiltonian for these two cases, respec-
tively. The “charge” of the Yang monopole at the origin
for N = 1, 5, ... is 1 and that for N = 3, 7, ... is −1.
Similarly, for a fixed N , with increasing distance to the
origin, the “charges” of monopoles alternate [22]. When
all monopoles are enclosed, C2 = 1.
A giant Yang monopole. For attractive interactions,
only one monopole exists in the parameter space, and
its “charge” is N2. At the origin, |N, 0, 0, 0〉, |0, N, 0, 0〉,
|0, 0, N, 0〉, |0, 0, 0, N〉 are the four degenerate many-body
ground states, as all bosons prefer to occupy the same lat-
tice site to minimize the interaction energy. Away from
the origin, an effective model, which has the same formula
as Eq. (2), can be constructed. Since a single-particle
tunneling tij moves one boson from one lattice site to
another, it requires N steps of single-particle tunneling
to couple these states. The parameters in the effective
Hamiltonian read
˜′i = Ni and t˜
′
ij = cN t
N
ij/g
N−1, (6)
where cN is a function of N [22]. Using this effective
model, we obtain that the “charge” of the monopole is
N2 [Fig. 1(d)]. The superposition of the four Fock states
actually forms a Schrodinger cat state [23–26]. Though
not stable for large N , in a few-body system [27, 28], a
small cat could exist in laboratories such that a Yang
monopole of “‘charge” N2 is observable.
C2 for any closed surface is equal to the total “charge”
of the monopoles it encloses. If a smooth deformation
of the surface does not touch a Yang monopole, C2 re-
mains unchanged. We numerically calculate C2 of 3 par-
ticles on a 4D sphere as a function of the radius of the
sphere. Fig. 1(e-f) show that C2 is indeed given by the to-
tal “charge” of the monopole enclosed in the sphere. Note
that C2 is much smaller than that of non-interacting sys-
tems. This is because an infinitesimal interaction reduces
the N + 1 fold degeneracy of non-interacting systems to
a two-fold one. Nevertheless, we have verified that, the
total C2 of the lowest N +1 bands for weakly interacting
systems is indeed the same as that for the corresponding
non-interacting systems.
3D topological defects. If the average particle number
per site is an integer, i.e., N = 4n, where n is a positive
integer, the many-body ground state becomes unique for
g > 0. This is best understood in the strongly interact-
ing regime. As bosons prefer to distribute evenly in the
four lattice sites to minimize the interaction energy, the
unique ground state cannot see any topological defects.
When g < 0, the many-body ground state is four-fold de-
generate at the origin of the parameter space, similar to
the case of odd particles. Away from the origin, an effec-
tive Hamiltonian can be constructed in the same manner.
However, the resultant effective Hamiltonian is distinct.
The effective coupling between the Fock states, such as
|N, 0, 0, 0〉 and |0, N, 0, 0〉, now requires an even number
steps of single-particle tunnelings. In the single-particle
Hamiltonian in Eq. (2), t12 and t34 have different signs.
This minus sign remains unchanged in the effective model
for odd N , as both effective couplings, t˜′12 and t˜
′
34, are
proportional to odd powers of t12 and t34.
For even particle numbers, the minus sign disappears.
Completely different topological defects arise. The effec-
tive Hamiltonian reads
Hˆeff = aτ˜z⊗ σ˜z+bτ˜x⊗I+cτ˜y⊗I+dI⊗ σ˜x+eI⊗ σ˜y, (7)
where a = −2R5, b = −(R21 − R22)/g, c = −2R1R2/g,
d = −(R23 − R24)/g, and e = −2R3R4/g for N = 2.
~˜σ and ~˜τ are two spin-1/2s, and I the identity matrix.
The eigenstates of τ˜z ⊗ σ˜z, | ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉, cor-
respond to |N, 0, 0, 0〉, |0, N, 0, 0〉, |0, 0, N, 0〉, |0, 0, 0, N〉.
The eigenenergy of Hˆeff reads
E = ±
√
a2 + (
√
b2 + c2 ±
√
d2 + e2)2, (8)
which shows that eigenstates become degenerate in cer-
tain 3D continuous manifolds.
{M1: R1 = R2 = 0} and {M′1: R3 = R4 = 0}, both
the ground and excited states are doubly degenerate.
{M2: R5 = 0, R21 + R22 = R23 + R24}, the second and
third states are degenerate, and the ground state (the
fourth state) is unique.
As Kramers theorem does not apply to even number
of spin-3/2s, the even-fold degeneracy is not guaranteed
and M2 is possible here. These three manifolds inter-
sect at the origin of the 5D parameter space. Away from
them, there is no degeneracy. M2 signifies the vanish-
ing gap between the lowest and the highest two states
on any closed 4D surface. Thus, C2 is no longer ap-
propriate to characterize the topological defects. Each
manifold is characterized by its own corresponding topo-
logical invariant. Meanwhile, the projections of them in
lower dimensions lead to knotted nodal lines and rings.
Since M1 and M2 are 3D defects in a 5D parame-
ter space, a 1D loop can be defined without intersecting
them. We calculate the Berry phase γm = −i
∮
M
dR ·
〈Ψm|∇R|Ψm〉 for the m-th eigenstate |Ψm〉, where M de-
notes a closed loop in the parameter space. For any loop
that does not interlock the defects, i.e., loop that can
shrink to a single point without closing the gap, γm = 0.
For a loop interlocking the defects, whether γ1 + γ2 = 0
or pi (or their multiples), defines a Z2 index ζ1 for the
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FIG. 2. (a) The effective Hamiltonian for two particles with
g < 0. (b-c) shows the projections of the defects in a 3D
subspace with fixed R3 and R4. (b) The red line (black ring)
shows the projection of M1 (M2). The green dotted circle
(blue 2D sphere) is used to calculate ζ1 (ζ2). The dash-dotted
longitude connecting the north and south poles defines a φ-
dependent Wilson line. (c) When M2 reduces to a point at
the origin, M′1 occupies the entire 3D subspace (red box).
defects [19]. For M1 and M
′
1, we find that γ = Npi
for all eigenstates and ζ1 = 0. For M2, we find that
γ = (0, pi, pi, 0) for each eigenstate and ζ1 = 1.
To better visualize this Z2 invariant, we project
M1, M′1 and M2 to lower dimensions, i.e., reducing
the dimension by fixing the values of certain param-
eters. Defining ~m = (d, e) and |~m| = √d2 + e2 =
(R23 + R
2
4)/|g|, the eigenenergies in Eq. (8) read E =
±
√
a2 + (
√
b2 + c2 ± |~m|)2. Interestingly, this energy
spectrum is identical to the one used to study nodal rings
in electronic systems [19]. As shown in Fig. 2, for any fi-
nite |~m|, M1 becomes an infinite nodal line, and M2
becomes a nodal ring with radius |~m|. M′1 does not
show up in this subspace. The dashed circles that in-
terlock the nodal ring or line allow one to compute γ.
Decreasing |~m|, the nodal ring shrinks and the nodal line
remains unchanged. When |~m| = 0, the nodal ring re-
duces to a single point at the origin, and the gap does not
open. In particular, this whole 3D subspace precisely be-
comesM′1 and the eigenenergies are two-fold degenerate
everywhere. For this particular set of parameters, Hˆeff
describes a quantum spin Hall effect, as σz = ±1 corre-
sponds to two opposite effective magnetic fields acting on
~τ . When ~m changes sign, the nodal ring appears again.
On any 2D sphere that does not touch M2, the low-
est two eigenstates are separated from the rest. On such
sphere, the projection to the lowest k states, which are
separated from the higher l states, establishes another
topological invariant, ζ2, of the nodal ring [19, 29]. To
be explicit, Wilson lines connecting the north and south
pole along a half longitude depend on the polar angle φ,
as shown in Fig.(2). Such φ dependence allows one to
define a winding number nw. For generic k, l > 2, ζ2 =
mod (nw, 2) defines a Z2 index. In our system, k = 2,
and the winding number becomes a Z index [19, 30].
For our effective model Hˆeff, we find that ζ2 = 1 for
any 2D sphere that encloses the nodal ring; Otherwise,
ζ2 = 0. Thus, the nodal ring defines a topological phase
transition where ζ2 changes its value. For repulsive in-
teractions, M1 and M
′
1 switch with M2 [22]. While the
topological defects are derived in the strongly interacting
regime, we numerically verified that they hold even for
weakly interacting systems.
Realizations in few-body systems. With increasing N ,
the energy splitting between eigenstates decreases. More-
over, due to the small scattering length as and the ex-
tended orbital wavefunction in the NIST experiment,
interaction strength g is very weak. For instance, for
as = 5nm, N = 10
5, trapping frequency ω = 2pi ∗ 70Hz,
g ≈ 0.04Hz, which is too weak to have significant effects.
The main experimental results are well explained by non-
interacting pictures. Thus, to better resolve these topo-
logical defects and the associated topological invariants,
experimentalists could use few-body systems to reduce
N and increase g.
A 2D optical superlattice is a promising platform to
realize Hamiltonians in Eq. (3) and Eq. (7) in the real
space. Such superlattice divides the system into many
isolated plaquettes, each of which contains four sites.
Currently available experimental techniques allow exper-
imentalists to dress and detect each individual plaque.
Many interesting few-body phenomena have been ex-
plored [31–33]. Using laser-assisted tunneling and mag-
netic field gradient, both the amplitude and phase of the
tunnelings can be engineered [32, 34]. The onsite poten-
tial can be tuned by superposing an additional 1D lattice
tilted by 45◦. The Hamiltonian in Eq. (1) can then be
delivered. Turning on interactions, the effective Hamil-
tonian in Eq. (7) could then be explored. For instance,
the interaction strength is around 100Hz for Rb in op-
tical lattices with laser wavelength of 767nm and depth
of 8ER, where ER is the characteristic energy scale de-
fined by the wavelength. Increasing the lattice depth or
the scattering length, g can be further enhanced. Us-
ing realistic experimental parameters, we find that the
previously discussed topological defects can indeed be
resolved [22]. Experimentalists can also realize Eq. (7)
directly in non-interacting systems by engineering the
inter-site couplings. A few other approaches, including
mesoscopic traps, optical tweezers, ion traps and super-
conducting circuits, can also be used to study few-body
physics related to our work [22, 27, 28].
A unique advantage of ultracold atoms is that topo-
logical defects and the associated topological invariants
can be directly probed. To measure ζ1, the local Berry
curvature could be measured to extract the Berry phase
accumulated in a 1D loop [10, 11, 35–39]. To measure
ζ2, Wilson lines can be measured in the same manner in
Ref. [40].
In the NIST experiment on spinor BEC, inter-spin in-
teractions exist. Thus, we need to consider generic in-
teractions
∑
i gin
2
i +
∑
i<j gijninj , where gi (gij) is the
5intra (inter) spin interaction strength. If such interac-
tions preserve time reversal symmetry, our main results
remain unchanged. For interactions that break time re-
versal symmetry, even richer physics regarding topologi-
cal defects arises [22].
In conclusion, we have shown that interactions give rise
to emergent topological defects distinct from those seen
by each individual particle. Depending on the total par-
ticle number and interaction strength, either giant Yang
monopoles of multiple charges or 3D continuous topo-
logical defects emerge. Such topological defects can be
accessed in current experiments, in particular, those on
few-body systems. While Dirac monopoles control many
2D and 3D topological matters, Yang monopoles and C2
are crucial for topological quantum phenomena in high
dimensions, including 4D quantum Hall effects. Nodal
lines and nodal rings as continuous topological defects
also provide physicists unprecedented topological quan-
tum matters. We hope that our work will stimulate more
studies on using ultracold atoms to create and measure
topological defects in high dimensional interacting sys-
tems.
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DEFINITION OF C2
The non-abelian Berry connection Amnν , non-abelian Berry curvature F
mn
µν , and non-abelian second Chern number
are defined as [21].
Amnν = −i〈Ψm|∂µ|Ψn〉, Fmnµν = ∂µAmnν − ∂νAmnµ + i[Aµ, Aν ]mn (S9)
C2 =
1
32pi2
∫
S4
dRµνρλ(Tr[FµνFρλ]− Tr[Fµν ]Tr[Fρλ]). (S10)
NON-INTERACTING C2
Single-particle ground state of the Hamiltonian in Eq. (1) of the main text is doubly degenerate. Denote the two
states as ψa and ψb, and define A
mn
µν = −i 〈∂µψm|∂νψn〉, the Berry curvature reads
Fmnµν = A
mn
µν −Amnνµ + i[Aµ, Aν ]. (S11)
Because of the time-reversal symmetry, the traces of the Berry connection and the Berry curvature are zero,
Aaaµ = −Abbµ , TrFµν = 0. (S12)
7We also have Aaaµν = A
bb
νµ. Defining
A˜µν =
(
Aaaµν A
ab
µν
Abaµν −Aaaµν
)
(S13)
F˜µν = A˜µν + iAµAν , (S14)
and using the property of the Levi-Civita symbol, we express the second Chern number using an alternative form,
Co2 (1) =
1
32pi2
∫
S4
dRµνρλTr[FµνFρλ] =
1
8pi2
∫
S4
dRµνρλTr[F˜µν F˜ρλ]. (S15)
The above results can be generalized to N particles.
For N non-interacting bosons, there are N + 1 degenerate ground states. Using Fock states as basis states, the
ground state reads |N − i, i〉, where i takes the values of 0, 1, 2, . . . , N ; here |N − i, i〉 represent the N − i bosons in
state ψa and i bosons in state ψb. The Berry connection Aµ and matrix Aµν are tridiagonal in the Fock state basis.
Ai−1,iµ = −i 〈N − i+ 1, i− 1|∂µ|N − i, i〉 =
√
i(N − 1 + 1)Aabµ (S16)
Ai,i−1µ = −i 〈N − i, i|∂µ|N − i+ 1, i− 1〉 =
√
i(N − 1 + 1)Abaµ (S17)
Ai,iµ = −i 〈N − i, i|∂µ|N − i, i〉 = (N − i)Aaaµ + iAbbµ = (N − 2i)Aaaµ . (S18)
The same holds for the A˜µν matrix,
A˜i−1,iµν = −i 〈N − i+ 1, i− 1|
←−
∂µ
−→
∂ν |N − i, i〉 =
√
i(N − 1 + 1)Aabµν (S19)
A˜i,i−1µν = −i 〈N − i, i|
←−
∂µ
−→
∂ν |N − i+ 1, i− 1〉 =
√
i(N − 1 + 1)Abaµν (S20)
A˜i,iµν = (N − 2i)Aaaµν . (S21)
Note that Axyµ and A
xy
µν are for single particle if x, y is a or b and are for N particles elsewise. Same as that for N = 1,
the second Chern number for arbitrary N can also be calculated using Eq. (S5).
We break the integrand µνρλTr[F˜µν F˜ρλ] into two parts, µνρλTr[F˜µνA˜ρλ] and 2iµνρλTr[A˜µνAρAλ] (note that
µνρλTr[AµAνAρAλ] is 0). Writing down the trace explicitly and expressing the two terms in terms of the single
particle quantities, we obtain
Tr[A˜µνA˜ρλ] =
∑
i
A˜iiµνA˜
ii
ρλ +
∑
i
A˜i,i+1µν A˜
i+1,i
ρλ +
∑
i
A˜i,i−1µν A˜
i−1,i
ρλ (S22)
=
N∑
i=0
(N − 2i)2A˜aaµνA˜aaρλ +
N−1∑
i=0
(i+ 1)(N − i)
(
A˜abµνA˜
ba
ρλ + A˜
ba
µνA˜
ab
ρλ
)
(S23)
Tr[A˜µνAρAλ] =
∑
i
A˜iiµν
(
Ai,i+1ρ A
i+1,i
λ +A
i,i−1
ρ A
i−1,i
λ
)
(S24)
+
∑
i
A˜i,i−1µν
(
Ai−1,i−1ρ A
i−1,i
λ +A
i−1,i
ρ A
i,i
λ
)
(S25)
+
∑
i
A˜i,i+1µν
(
Ai+1,i+1ρ A
i+1,i
λ +A
i+1,i
ρ A
i,i
λ
)
(S26)
=
N∑
i=0
(N − 2i)(N − i)(i+ 1) (AaaµνAabρ Abaλ +AbaµνAaaρ Aabλ +AabµνAbaρ Aaaλ ) (S27)
+
N∑
i=0
(N − 2i)(N − i+ 1)i (AaaµνAbaρ Aabλ +AbaµνAabρ Aaaλ +AabµνAaaρ Abaλ ) (S28)
Using the identity
1
6
N(N + 1)(N + 2) = −
N∑
i=0
(N − 2i)(N − i+ 1)i, (S29)
we write C02 (N) using C
0
2 (1),
C02 (N) =
1
6
N(N + 1)(N + 2)C02 (1) =
1
6
N(N + 1)(N + 2). (S30)
8LOCATION AND CHARGE OF YANG MONOPOLES FOR ODD N AND POSITIVE g
Along the R5 axis, all off-diagonal couplings disappear and Fock states become the eigenstates. Varying R5, we
find N possible points on this axis where there exist four-fold degeneracy.
(a) N = 4m+ 1 for integer m
The four states, |m− l + 1,m+ l,m+ l,m− l〉 , |m− l,m+ l + 1,m+ l,m− l〉 , |m− l,m+ l,m+ l + 1,m− l〉 ,
and |m− l,m+ l,m+ l,m− l + 1〉 are degenerate when R5 = −2lg, where l = −m,−m + 1, . . . ,m − 1,m. The
effective Hamiltonian reads
˜i = i (S31)
t˜ij = tij
√
(m− l + 1)(m+ l + 1). (S32)
The extra Bose enhancement factor comparing to the single particle Hamiltonian does not change the second Chern
number, so C2 = 1.
At R5 = −(2l + 1)g, the other four states, |m− l − 1,m+ l + 1,m+ l + 1,m− l〉 , |m− l,m+ l,m+ l + 1,m− l〉 ,
|m− l,m+ l + 1,m+ l,m− l〉 , and |m− l − 1,m+ l + 1,m+ l + 1,m− l〉 are degenerate, where l = −m,−m +
1, . . . ,m− 2,m− 1. The effective Hamiltonian reads
˜i = −i (S33)
t˜ij = t
∗
ij
√
(m− l)(m+ l + 1). (S34)
The extra Bose enhancement factor together with an additional phase factor eipi comparing to the single particle
Hamiltonian does not change the second Chern number but flipping the sign of the diagonal terms changes C2 to −1.
(b) N = 4m+ 3 for integer m
At R5 = −2lg, the four states, |m− l,m+ l + 1,m+ l + 1,m− l + 1〉, |m− l + 1,m+ l,m+ l + 1,m− l + 1〉,
|m− 1,m+ l + 1,m+ l,m− l + 1〉 , and |m− l + 1,m+ l + 1,m+ l + 1,m− l〉 are degenerate, where l = −m,−m+
1, . . . ,m− 1,m. The effective Hamiltonian reads
˜i = −i (S35)
t˜ij = t
∗
ij
√
(m− l + 1)(m+ l + 1). (S36)
Similar to case (a), C2 = −1.
At R5 = −(2l + 1)g, the four states, |m− l + 1,m+ l + 1,m+ l + 1,m− l〉 , |m− l,m+ l + 2,m+ l + 1,m− l〉 ,
|m− l,m+ l + 1,m+ l + 2,m− l〉 , and |m− l,m+ l + 1,m+ l + 1,m− l + 1〉 are degenerate, where l = −m −
1,−m, . . . ,m− 1,m. The effective Hamiltonian reads
˜i = i (S37)
t˜ij = tij
√
(m− l + 1)(m+ l + 2). (S38)
Similar to case (a), C2 = 1.
For example, Fig. S3(d) illustrates the effective Hamiltonian for N = 3 and R5 = g. The onsite energy different
balances off the repulsive energy for the sites with two particles. Thus, all the four states has the same energy and as
the coupling R1, R2, R3, R4 approaches zero, the four states becomes the eigenstates and four-fold degeneracy emerges.
EXPRESSION FOR cN
At the origin, |N, 0, 0, 0〉, |0, N, 0, 0〉, |0, 0, N, 0〉, |0, 0, 0, N〉 are the four degenerate many-body ground states.
Treating the |R| as a small parameter, the lowest order coupling reads
〈N, 0, 0, 0|Hˆeff|0, N, 0, 0〉 =
∏N−1
i=0 〈N − i, i, 0, 0|Kˆ|N − i− 1, i+ 1, 0, 0〉∏N−1
i=1
(
〈N − i, i, 0, 0|Uˆ |N − i, i, 0, 0〉 − 〈N, 0, 0, 0|Uˆ |N, 0, 0, 0〉
) . (S39)
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FIG. S3. (Color online) Schematic of Yang monopoles for 3 particles with positive interaction strength g. Blue (red) spheres
show the positively (negatively) charged monopoles. Charges are denoted inside the sphere. The insects (a), (b), and (c) show
the degenerate states at R5 = g, 0,, and −g,respectively; here R1 = R2 = R3 = R4 = 0. The insect (d) shows the effective
Hamiltonian in the vicinity of R5 = g,R1 = R2 = R3 = R4 = 0. Orange solid lines and black dots represent single particle
states and bosons, respectively. Purple dotted arrows show effective couplings.
Other terms can be written similarly. Comparing with the expression in the main text, we have
cN =
∏N−1
i=0
√
(N − i)(i+ 1)∏N−1
i=1 [(N − i)2 + i2 −N2]
. (S40)
TOPOLOGICAL INVARIANTS
The Wilson line Wij(φ) is defined by Wij(φ) = 〈Ψi(pi, φ)|Wˆ |Ψj(0, φ)〉, where |Ψi=1,2(0, φ)〉 and |Ψi=1,2(pi, φ)〉 are
the lowest two eigenstate states at the north and south poles, respectively, φ ∈ [0, 2pi) is the azimuthal angle, and
Wˆ =
∏N
k=1 Pˆk, Pˆk =
∑2
i=1 |Ψi(θk, φ)〉〈Ψi(θk, φ)| is the projection operator in the kth step if we divide the longitude to
N steps. Physically, Wij(φ) characterizes the probability of occupying either eigenstate at the south pole if the initial
state is an arbitrary superposition of the eigenstate at the north pole after an adiabatic evolution along the longitude.
Wij(φ) is an orthogonal matrix and can be made real after an appropriate unitary transformation on Hˆeff (rotate Hˆeff
to be real). Thus, ξ(φ) = W11(pi/2, φ) + iW12(pi/2, φ) defines a winding number nw = − i2pi
∫ 2pi
0
ξ∗(φ)∂φξ(φ).
3D TOPOLOGICAL DEFECTS FOR EVEN NUMBER OF PARTICLES WITH REPULSIVE
INTERACTION
For later convenience, we introduce RA, RB , φA, and φB , which are defined through RAe
−IφA = Rx − iRy and
RBe
−IφB = Rznx − iRzny. For 4m particles with strong repulsive interaction, the ground state is |m,m,m,m〉. No
degeneracy is found.
For 4m + 2 particles with strong repulsive interaction, the ground state manifold has 6 states,
|m,m,m+ 1,m+ 1〉 , |m,m+ 1,m,m+ 1〉 , |m,m+ 1,m+ 1,m〉 , |m+ 1,m,m,m+ 1〉 , |m+ 1,m,m+ 1,m〉 , and
|m+ 1,m+ 1,m,m〉. The Hamiltonian reads
0 0 −eiφB (m+ 1)RB −eiφB (m+ 1)RB 0 0
0 0 eiφA(m+ 1)RA −eiφA(m+ 1)RA 0 0
−e−iφB (m+ 1)RB e−iφA(m+ 1)RA 2R5 0 −eiφA(m+ 1)RA −eiφB (m+ 1)RB
−e−iφB (m+ 1)RB −e−iφA(m+ 1)RA 0 −2R5 eiφA(m+ 1)RA −eiφB (m+ 1)RB
0 0 −e−iφA(m+ 1)RA e−iφA(m+ 1)RA 0 0
0 0 −e−iφB (m+ 1)RB −e−iφB (m+ 1)RB 0 0

(S41)
Two of the states, i.e. (|0, 0, 1, 1〉 − e−2iφB |1, 1, 0, 0〉)/√2 and (|0, 1, 0, 1〉 + e−2iφA |1, 0, 1, 0〉)/√2, have zero energy.
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Projecting out these two states, we write the effective Hamiltonian as a 4 by 4 matrix,
2R5
√
2e−iφA(m+ 1)RA −
√
2e−iφB (m+ 1)RB 0√
2eiφA(m+ 1)RA 0 0 −
√
2eiφA(m+ 1)RA
−√2eiφB (m+ 1)RB 0 0 −
√
2eiφB (m+ 1)RB
0 −√2e−iφA(m+ 1)RA −
√
2e−iφB (m+ 1)RB −2R5
 . (S42)
Rewriting the effective Hamiltonian using direct product of σ and τ matrices, we obtain
R5(τz + σz) + (R
′
1σx +R
′
2σy −R′3τx +R′4τy + τz(R′3τx +R′4τy) + τz(R′1τx −R′2τy)) , (S43)
where R′1 = (m + 1)(R1 − R3)/
√
2, R′2 = (m + 1)(R2 + R4)/
√
2 and R′3 = (m + 1)(R1 + R3)/
√
2, and R′4 =
(m+ 1)(R2 −R4)/
√
2. Solving the effective Hamiltonian, the eigen energies reads
±
√
2(m+ 1)
√√√√±√((R2A +R2B) + R25(m+ 1)2
)
2 − 4R2AR2B +R2A +R2B +
R25
(m+ 1)2
. (S44)
Eigenenergies become degenerate in certain 3D continuous manifolds.
{M1: RA = 0} and {M′1: RB = 0}, the second and the third states are degenerate, and the ground state (the
fourth state) is unique.
{M2: R5 = 0, RA = RB}, both the ground and excited states are doubly degenerate.
For M1 and M
′
1, we find that the berry phase γ = (0, 2pi, 2pi, 0) and ζ1 = 0 for the lowest two states. For M2, we
find that γ = pi for all eigenstates and ζ1 = 0 for the lowest two states.
We also rewrite the manifolds in the main text using RA and RB and find that the two type of 3D manifolds
are switched with each other as the interaction strength changes from negative to positive. Furthermore, we have
numerically verified that these degenerate manifolds extend to the weakly interacting regime.
LINKING NUMBER
In the 3D subspace with finite |~m|, e.g., R3 6= 0 and R4 = 0, M1 and M2 are knotted nodal line and nodal ring.
Thus, a linking number can be defined as follows,
L =
1
4pi
∮
M1
∮
M2
r1 − r2
|r1 − r2| 32
· dr1 × dr2. (S45)
A straightforward calculation shows that L is always 1, which verifies that the two nodal surfaces are knotted in the
subspace.
EXPERIMENTAL SCHEMES FOR EXPLORING FEW-BODY PHYSICS
There are a number of schemes to experimentally explore few-body physics related to the discussions in the main
text, including optical superlattice, mesoscopic traps, optical tweezers, ion traps, and superconducting circuits.
As shown in Fig. S4(A), a 2D optical superlattice is formed by a short and long lattice with wavelengths λL =
2λS [32, 34]. Such superlattice divides the system into many plaquettes. When the energy barrier between different
plaquettes is large enough, plaquettes are isolated from each other. Each contains a few particles, and can be dressed
and probed individually. In particular, high resolution in-situ images allow experimentalists to measure precisely the
particle number per plaquette. Optical superlattices have allowed physicists to explore many interesting few-body
phenomena in two sites or four sites.
To induce complex tunnelings among the four sites, either Raman dressing or shaking can be used. In the former
approach, a field gradient can be applied in the diagonal direction to quench the bare tunnelings along both x and y
directions [32, 34]. Then a pair of Raman laser induces a complex laser assisted tunneling. In fact, it is not necessary
to individually control the phase of each tunneling. The key requirement is that the total effective magnetic flux per
plaquette is pi, i.e., a particle accumulates a pi phase after finishing a closed loop composed of all four sites. Another
approach is shaking the lattice [41, 42]. Theoretically, this is the same as the Raman dressed lattice. In practice, the
advantage is that, no extra lasers are required. The onsite energies can be tuned by the two-photon detuning or the
11
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c
<latexit sha1_base64="RVkzaxOhuQNdrRyozc8LElplsL Q=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3sz zMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFG jZWarFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+ JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuuc2Lav2 mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPzSOjLo=</latexit><latexit sha1_base64="RVkzaxOhuQNdrRyozc8LElplsL Q=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3sz zMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFG jZWarFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+ JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuuc2Lav2 mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPzSOjLo=</latexit><latexit sha1_base64="RVkzaxOhuQNdrRyozc8LElplsL Q=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3sz zMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFG jZWarFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+ JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuuc2Lav2 mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPzSOjLo=</latexit>
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<latexit sha1_base64="493iywG9k3VTthaAR+vadVA7SLQ=">AAAB53 icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDabSbt2swm7G6GU/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLM8G1cd1vZ2V1bX1js7RV3t7Z3 duvHBw+6DRXDH2WilS1Q6pRcIm+4UZgO1NIk1BgKxzeTv3WEyrNU3lvRhkGCe1LHnNGjZWaUa9SdWvuDGSZeAWpQoFGr/LVjVKWJygNE1TrjudmJhh TZTgTOCl3c40ZZUPax46lkiaog/Hs0Ak5tUpE4lTZkobM1N8TY5poPUpC25lQM9CL3lT8z+vkJr4KxlxmuUHJ5oviXBCTkunXJOIKmREjSyhT3N5K2I AqyozNpmxD8BZfXib+ee265jYvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA2EYy7</latexit><latexit sha1_base64="493iywG9k3VTthaAR+vadVA7SLQ=">AAAB53 icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDabSbt2swm7G6GU/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLM8G1cd1vZ2V1bX1js7RV3t7Z3 duvHBw+6DRXDH2WilS1Q6pRcIm+4UZgO1NIk1BgKxzeTv3WEyrNU3lvRhkGCe1LHnNGjZWaUa9SdWvuDGSZeAWpQoFGr/LVjVKWJygNE1TrjudmJhh TZTgTOCl3c40ZZUPax46lkiaog/Hs0Ak5tUpE4lTZkobM1N8TY5poPUpC25lQM9CL3lT8z+vkJr4KxlxmuUHJ5oviXBCTkunXJOIKmREjSyhT3N5K2I AqyozNpmxD8BZfXib+ee265jYvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA2EYy7</latexit><latexit sha1_base64="493iywG9k3VTthaAR+vadVA7SLQ=">AAAB53 icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDabSbt2swm7G6GU/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLM8G1cd1vZ2V1bX1js7RV3t7Z3 duvHBw+6DRXDH2WilS1Q6pRcIm+4UZgO1NIk1BgKxzeTv3WEyrNU3lvRhkGCe1LHnNGjZWaUa9SdWvuDGSZeAWpQoFGr/LVjVKWJygNE1TrjudmJhh TZTgTOCl3c40ZZUPax46lkiaog/Hs0Ak5tUpE4lTZkobM1N8TY5poPUpC25lQM9CL3lT8z+vkJr4KxlxmuUHJ5oviXBCTkunXJOIKmREjSyhT3N5K2I AqyozNpmxD8BZfXib+ee265jYvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA2EYy7</latexit>
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<latexit sha1_base64="8g0P2hkn1tmY+V1wE8v60UKiD0I=" >AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G 1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa2KtU3Zo 7A1kmXkGqUKDRq3x1+wnLYpSGCap1x3NTE+RUGc4ETsrdTGNK2YgOsGOppDHqIJ8dOiGnVumTKFG2pCEz9fdETmOtx3FoO2Nqhnr Rm4r/eZ3MRFdBzmWaGZRsvijKBDEJmX5N+lwhM2JsCWWK21sJG1JFmbHZlG0I3uLLy8Q/r13X3OZFtX5TpFGCYziBM/DgEupwBw3 wgQHCM7zCm/PovDjvzse8dcUpZo7gD5zPHzeUjLw=</latexit><latexit sha1_base64="8g0P2hkn1tmY+V1wE8v60UKiD0I=" >AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G 1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa2KtU3Zo 7A1kmXkGqUKDRq3x1+wnLYpSGCap1x3NTE+RUGc4ETsrdTGNK2YgOsGOppDHqIJ8dOiGnVumTKFG2pCEz9fdETmOtx3FoO2Nqhnr Rm4r/eZ3MRFdBzmWaGZRsvijKBDEJmX5N+lwhM2JsCWWK21sJG1JFmbHZlG0I3uLLy8Q/r13X3OZFtX5TpFGCYziBM/DgEupwBw3 wgQHCM7zCm/PovDjvzse8dcUpZo7gD5zPHzeUjLw=</latexit><latexit sha1_base64="8g0P2hkn1tmY+V1wE8v60UKiD0I=" >AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G 1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa2KtU3Zo 7A1kmXkGqUKDRq3x1+wnLYpSGCap1x3NTE+RUGc4ETsrdTGNK2YgOsGOppDHqIJ8dOiGnVumTKFG2pCEz9fdETmOtx3FoO2Nqhnr Rm4r/eZ3MRFdBzmWaGZRsvijKBDEJmX5N+lwhM2JsCWWK21sJG1JFmbHZlG0I3uLLy8Q/r13X3OZFtX5TpFGCYziBM/DgEupwBw3 wgQHCM7zCm/PovDjvzse8dcUpZo7gD5zPHzeUjLw=</latexit>
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<latexit sha1_base64="e3dxgw9+vCgotbZ2KkKlzXpcBO8=">AAAB93icbVB NS8NAEN3Ur1o/GvXoZbEInkoignorevFYwdhCE8Jku2mX7iZhdyO0ob/EiwcVr/4Vb/4bt20O2vpg4PHeDDPzoowzpR3n26qsrW9sblW3azu7e/t1++DwUaW5JNQ jKU9lNwJFOUuop5nmtJtJCiLitBONbmd+54lKxdLkQY8zGggYJCxmBLSRQrsOvmIDAeHE15CHk9BuOE1nDrxK3JI0UIl2aH/5/ZTkgiaacFCq5zqZDgqQmhFOpzU /VzQDMoIB7RmagKAqKOaHT/GpUfo4TqWpROO5+nuiAKHUWESmU4AeqmVvJv7n9XIdXwUFS7Jc04QsFsU5xzrFsxRwn0lKNB8bAkQycysmQ5BAtMmqZkJwl19eJd5 587rp3F80WjdlGlV0jE7QGXLRJWqhO9RGHiIoR8/oFb1ZE+vFerc+Fq0Vq5w5Qn9gff4AkfOTOg==</latexit><latexit sha1_base64="e3dxgw9+vCgotbZ2KkKlzXpcBO8=">AAAB93icbVB NS8NAEN3Ur1o/GvXoZbEInkoignorevFYwdhCE8Jku2mX7iZhdyO0ob/EiwcVr/4Vb/4bt20O2vpg4PHeDDPzoowzpR3n26qsrW9sblW3azu7e/t1++DwUaW5JNQ jKU9lNwJFOUuop5nmtJtJCiLitBONbmd+54lKxdLkQY8zGggYJCxmBLSRQrsOvmIDAeHE15CHk9BuOE1nDrxK3JI0UIl2aH/5/ZTkgiaacFCq5zqZDgqQmhFOpzU /VzQDMoIB7RmagKAqKOaHT/GpUfo4TqWpROO5+nuiAKHUWESmU4AeqmVvJv7n9XIdXwUFS7Jc04QsFsU5xzrFsxRwn0lKNB8bAkQycysmQ5BAtMmqZkJwl19eJd5 587rp3F80WjdlGlV0jE7QGXLRJWqhO9RGHiIoR8/oFb1ZE+vFerc+Fq0Vq5w5Qn9gff4AkfOTOg==</latexit><latexit sha1_base64="e3dxgw9+vCgotbZ2KkKlzXpcBO8=">AAAB93icbVB NS8NAEN3Ur1o/GvXoZbEInkoignorevFYwdhCE8Jku2mX7iZhdyO0ob/EiwcVr/4Vb/4bt20O2vpg4PHeDDPzoowzpR3n26qsrW9sblW3azu7e/t1++DwUaW5JNQ jKU9lNwJFOUuop5nmtJtJCiLitBONbmd+54lKxdLkQY8zGggYJCxmBLSRQrsOvmIDAeHE15CHk9BuOE1nDrxK3JI0UIl2aH/5/ZTkgiaacFCq5zqZDgqQmhFOpzU /VzQDMoIB7RmagKAqKOaHT/GpUfo4TqWpROO5+nuiAKHUWESmU4AeqmVvJv7n9XIdXwUFS7Jc04QsFsU5xzrFsxRwn0lKNB8bAkQycysmQ5BAtMmqZkJwl19eJd5 587rp3F80WjdlGlV0jE7QGXLRJWqhO9RGHiIoR8/oFb1ZE+vFerc+Fq0Vq5w5Qn9gff4AkfOTOg==</latexit>
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<latexit sha1_base64="1TdRIZip6 F7XRigxqgM0ilyDyUs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9F Lx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6 LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8 LRzdRvPXFtRKIecJzyIKYDJSLBKFrpvpuKXrXm1t0ZyDLxClKDAs1e9avbT1g Wc4VMUmM6nptikFONgkk+qXQzw1PKRnTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJT f0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSy rSwtxI2pJoytOlUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgw E8wyu8OdJ5cd6dj3lrySlmDuEPnM8fvQONoA==</latexit><latexit sha1_base64="1TdRIZip6 F7XRigxqgM0ilyDyUs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9F Lx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6 LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8 LRzdRvPXFtRKIecJzyIKYDJSLBKFrpvpuKXrXm1t0ZyDLxClKDAs1e9avbT1g Wc4VMUmM6nptikFONgkk+qXQzw1PKRnTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJT f0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSy rSwtxI2pJoytOlUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgw E8wyu8OdJ5cd6dj3lrySlmDuEPnM8fvQONoA==</latexit><latexit sha1_base64="1TdRIZip6 F7XRigxqgM0ilyDyUs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9F Lx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6 LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8 LRzdRvPXFtRKIecJzyIKYDJSLBKFrpvpuKXrXm1t0ZyDLxClKDAs1e9avbT1g Wc4VMUmM6nptikFONgkk+qXQzw1PKRnTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJT f0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSy rSwtxI2pJoytOlUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgw E8wyu8OdJ5cd6dj3lrySlmDuEPnM8fvQONoA==</latexit>
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<latexit sha1_base64="1TdRIZip6 F7XRigxqgM0ilyDyUs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9F Lx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6 LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8 LRzdRvPXFtRKIecJzyIKYDJSLBKFrpvpuKXrXm1t0ZyDLxClKDAs1e9avbT1g Wc4VMUmM6nptikFONgkk+qXQzw1PKRnTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJT f0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSy rSwtxI2pJoytOlUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgw E8wyu8OdJ5cd6dj3lrySlmDuEPnM8fvQONoA==</latexit><latexit sha1_base64="1TdRIZip6 F7XRigxqgM0ilyDyUs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9F Lx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6 LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8 LRzdRvPXFtRKIecJzyIKYDJSLBKFrpvpuKXrXm1t0ZyDLxClKDAs1e9avbT1g Wc4VMUmM6nptikFONgkk+qXQzw1PKRnTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJT f0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSy rSwtxI2pJoytOlUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgw E8wyu8OdJ5cd6dj3lrySlmDuEPnM8fvQONoA==</latexit><latexit sha1_base64="1TdRIZip6 F7XRigxqgM0ilyDyUs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9F Lx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6 LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8 LRzdRvPXFtRKIecJzyIKYDJSLBKFrpvpuKXrXm1t0ZyDLxClKDAs1e9avbT1g Wc4VMUmM6nptikFONgkk+qXQzw1PKRnTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJT f0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSy rSwtxI2pJoytOlUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgw E8wyu8OdJ5cd6dj3lrySlmDuEPnM8fvQONoA==</latexit>
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<latexit sha1_base64="1TdRIZip6F7XRigxqgM0ilyDyUs=">AAAB6Xicb VBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miT TjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpvpuKXrXm1t0ZyDLxClKDAs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKR nTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJTf0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOlUbAje4svLxD+rX9X du/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OdJ5cd6dj3lrySlmDuEPnM8fvQONoA==</latexit><latexit sha1_base64="1TdRIZip6F7XRigxqgM0ilyDyUs=">AAAB6Xicb VBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miT TjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpvpuKXrXm1t0ZyDLxClKDAs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKR nTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJTf0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOlUbAje4svLxD+rX9X du/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OdJ5cd6dj3lrySlmDuEPnM8fvQONoA==</latexit><latexit sha1_base64="1TdRIZip6F7XRigxqgM0ilyDyUs=">AAAB6Xicb VBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miT TjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpvpuKXrXm1t0ZyDLxClKDAs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKR nTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJTf0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOlUbAje4svLxD+rX9X du/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OdJ5cd6dj3lrySlmDuEPnM8fvQONoA==</latexit>
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FIG. S4. (Color online) (A) Red spheres represent lattice sites of an optical superlattice and blue curves represent lattice
potentials. Black spheres represent atoms. Orange dashed lines represent an additional lattice potential that shifts the onsite
energies of two sites in each plaquette. (B) A schematic of the tunnelings and onsite energy in four mesoscopic traps, optical
tweezers, or each plaquette of an optical superlattice. (C) Our results also apply to two ion traps, each of which hosts a spin-1/2
(black arrows).
shaking frequency. An additional 1D optical lattice aligned in the diagonal direction can provide extra controls of
the onsite energy. Using typical experimental parameters for Rb with scattering length ≈ 5nm and laser wavelength
767nm, we find that, interaction strength g in such lattice can reach 100Hz. For other atoms, Feschbach resonance
could further enhance g. g is the characteristic energy scale of topological defects discussed here, for instance, the
separation between different Yang monopoles in the parameter space and the energy gap in the effective models. With
such g, topological defects can be easily resolved in current experiments.
One could also use four mesoscopic traps [27, 28], or optical tweezers to realize a four-site system that is equivalent
to a single plaquette, as shown in Fig. S4(B). Two optical tweezers have been recently used to produce entangled pairs
of atoms [43]. For instance, bringing four tweezers together and engineering the tunnelings between tweezers using
external lasers, a single four-site model could be realized. Alternatively, one could stick to a single tweezer, and use
four internal states of atoms. Theoretically, this would be equivalent to the NIST experiment. The advantage here is
that, due to the strong confinement in an optical tweezer, the interactions could be much stronger. For instance, the
typical confining potential of a single optical tweezer is 200kHz. For Rb with scattering length as = 5nm and Cs with
scattering length as = 91nm, such confinement corresponds to an interaction strength 1kHz and 24kHz, respectively.
Thus, it will be much easier to explore interaction induced topological defects in optical tweezers.
Other quantum systems other than cold atoms can also be used to explore topological defects discussed in the main
text. For instance, two nearby ion trap, each of which hosts a spin-1/2, can be used to realize the model in Eq.(7) of
the main text, as shown in Fig. (S2.C). Here, (b, c) and (d, e) represent the magnetic field acting on the first and the
second spin-1/2, which is denoted by ~σ and ~τ , respectively, in the x− y plane. aσzτz is simply the Ising interaction.
Similarly, two superconducting circuits may be used, as each circuit can be viewed as a spin-1/2 [44, 45]. Therefore,
our theoretical results can also be generalized to superconducting circuits.
GENERIC INTERACTION
A generic interaction
∑
i gin
2
i +
∑
i 6=j gijninj leads to corrections to the effective Hamiltonian discussed in the main
text. As interactions transform to the onsite energy in the effective Hamiltonians constructed by four Fock states in
Eq. (1) and Eq. (7) of the main text, nonuniform gi and nonlocal gi 6=j (or equivalently, the inter-spin interaction in
the spin model) only lead to corrections in the diagonal terms. Most generically, the corrections can be written as
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Hˆ ′eff =
∑
i δiH
′
i, where
H ′1 =
4∑
i=1
aˆ†i aˆi,
H ′2 = aˆ
†
1aˆ1 + aˆ
†
2aˆ2 − aˆ†3aˆ3 − aˆ†4aˆ4,
H ′3 = aˆ
†
1aˆ1 − aˆ†2aˆ2 − aˆ†3aˆ3 + aˆ†4aˆ4,
H ′4 = aˆ
†
1aˆ1 − aˆ†2aˆ2 + aˆ†3aˆ3 − aˆ†4aˆ4.
(S46)
and δi corresponds to the strength of each type of perturbation.
δi depend on gi and gij . For instance, the effective Hamiltonian near the origin of the parameter space for odd
number of particles reads
−c1R5 + δ1 + δ2 + δ3 + δ4 −c2 (R1 − iR2) −c2 (R3 − iR4) 0
−c2 (R1 − iR2) c1R5 + δ1 + δ2 − δ3 − δ4 0 −c2 (R3 − iR4)
−c2 (R3 − iR4) 0 c1R5 + δ1 − δ2 − δ3 + δ4 c2 (R1 − iR2)
0 −c2 (R3 − iR4) c2 (R1 − iR2) −c1R5 + δ1 − δ2 + δ3 − δ4

(S47)
where c1 = ˜i/i and c2 = t˜ij/tij [rewrite of Eq. (5) in the main text]. For three particles, c1 = −1, c2 = 1, and
δ1 =
1
4
(3g1 + 3g2 + 3g3 + 3g4 + 2g12 + 2g13 + 2g14 + 2g23 + 2g24 + 2g34) (S48)
δ2 =
1
4
(−g1 − g2 + g3 + g4 − 2g12 + 2g34) (S49)
δ3 =
1
4
(−g1 + g2 + g3 − g4 − 2g14 + 2g23) (S50)
δ4 =
1
4
(−g1 + g2 − g3 + g4 − 2g13 + 2g24) . (S51)
For systems with equal intraspin interaction and no interspin interaction, i.e., gi = g, and gij = 0, we obtain δ1 = 3g
and δ2 = δ3 = δ4 = 0. The Hamiltonian reduces to the unperturbed one.
For generic cases where δi 6= 0, these four corrections H ′i can be classified into two categories.
Category 1: H ′1 and H
′
3 respect time reversal symmetry of the effective Hamiltonian. H
′
1 only shifts the entire
energy spectrum and does not change the topological defects. H ′3 only shifts the position of the topological defects
as a finite δ3 simply changes the value of R5 to R5-δ3. Therefore, the shape of topological defects and other results
in the main text remain unchanged.
Category 2: H ′2 and H
′
4 break the time reversal symmetry and new topological defects arise.
When only H ′2 exists, i.e., δ2 6= 0, δ4 = 0, the energy spectrum reads
Eeff = ±
√
±2
√
δ22 (R
2
1 +R
2
2 +R
2
5) +R
2
1 +R
2
2 +R
2
3 +R
2
4 + δ
2
2 +R
2
5. (S52)
The two degenerate manifolds are obtained as follows.
1.M1, the first (third) and the second (fourth) states become degenerate when R5 = R1 = R2 = 0.
2.M2, the second and the third states become degenerate when R25 +R21 +R22 = δ22 and R3 = R4 = 0.
Apparently, M1 is an infinite 2D topological defect. In contrast, M2 becomes a finite 2D sphere, unlike M2
discussed in the main text, which extends to infinity. Thus, a finite δ2 breaks the four-fold degeneracy at the original
Yang monopole but retains the degeneracy between the second and the third states on a 2D sphere, M2.
Likewise, when only H ′4 exists, i.e., δ4 6= 0, δ2 = 0, we also obtain two degenerate manifolds,
1.M1, the first (third) and the second (fourth) state become degenerate when R5 = R3 = R4 = 0.
2.M2, the second and the third states become degenerate when R25 +R23 +R24 = δ24 and R1 = R2 = 0.
Again, M1 is an infinite 2D topological defect, and M2 is a finite 2D sphere.
When both H ′2 and H
′
4 exit, i.e., δ2 6= 0 and δ4 6= 0, M2 can be written as,
R25
δ24
+
R23 +R
2
4
(δ24 − δ22)
= 1, |δ2| < |δ4| (S53)
R25
δ22
+
R21 +R
2
2
(δ22 − δ24)
= 1, |δ2| > |δ4| (S54)
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For generic δ2 6= 0 and δ4 6= 0, Eqs. (S53) and (S54) describe an ellipsoid. It is clear that, when δ2 = 0 or δ4 = 0,
Eqs. (S53) and (S54) reduce to the previous results. When |δ2| = |δ4|, M2 becomes a line segment connecting
(0, 0, 0, 0,−δ2) and (0, 0, 0, 0, δ2), which signifies the transition from one ellipsoid in Eq.(S53) to the other in Eq.(S54).
In any case, if a 4D sphere encloses M2, C2 remains unchanged. The reason is that, the second Chern number, as
a topological invariant, is stable against small perturbations. Unless the perturbation is strong enough to close the
energy gap between the second and the third energy eigenstates, C2 remains the same. Thus, when the amplitudes of
perturbations are much smaller than parameters of the single-particle Hamiltonian, for instance, the distance to the
origin of the five-dimensional parameter space, R, results of C2 in the main text remain unchanged.
We have also generalized the above results to the effective Hamiltonian for 3D continuous topological defects, i.e.,
the effective Hamiltonian in Eq.(7) of the main text. For two particles, if either δ2 and δ4 is zero, M1 is defined as
R1 = R2 = R5 = 0. If both δ2 and δ4 are finite, M1 does not exist. In contrast, M2 always exists. For finite δ2 and
δ4, M2 is shifted to R5 = 0 and R21 +R22 + δ24 = R23 +R24 + δ22 . Thus, small nonuniform gi and nonlocal interactions
gi 6=j only lead to perturbative changes to the topological defects.
